§1. Introduction
In this note we give an example of hypoelliptic operators which are not micro-hypoelliptic. Non-micro-hypoellipticiy of the example arises from the oscillation of the coefficient with a zero of infinite order.
Let us consider the following semi-elliptic operator with infinite degeneracy: In the recent paper [4] the one of authors (T.M.) also has studied the microhypoellipticity of L and has given the following theorem: There exist constants C and T (0 < T< l/{2(m -€)})
We remark that Theorem A is valid in the case where g(x) vanishes finitely at x = 0. In this case, (A.4) implies g(x) = o(\x\ 2(m~l) (x) k for some integer k > m -€ and some C~ function ty(x) with 7/;(*)>0 for xi=0. This fact can be seen by noticing that i//(*) 2 < Const. ip(x) near the origin. On the other hand, we see that for integer k>0
does not satisfies (A.4) if A:<m -€. In fact, for \/3\ = 2k and integer ;>0 we have
In order to consider the necessity of (A.4), we set
where a and b satisfies (A. 2) and (A. 3), respectively (but they are independent of y variable). ; is necessary in general for L to be micro-hypoelliptic. Unfortunately, in case of m = € + 1 the theorem says nothing concerning the necessity of conditions like (A. 4). In the next section we shall give the proof of Theorem B influenced by [5] though our method is a little different from the one there. To end Introduction authors wish to express their hearty gratitude to Professor N. Iwasaki for useful discussions. §2. Proof of Theorem B
For the sake of simplicity we shall prove Theorem B in case of y E. R 1 (n 2 = 1), yo = 0 and rjo = I since the proof in general case is similar. Throughout this section we assume that m > € + 2. We construct a singular solution u(x, y) in the form
where r]j= exp{; 2 /4m}. We require that Uj(x) E Co" satisfies Nj+2k r]J Nj+2m . The similar bound holds also for the second term because of (2.5) for /,(*). Now we shall consider the equation
. We shall omit the suffix j for a while (by fixing /). If we write
by means of (2.7) -(2.9) and (A. 3) we see that for any £>0
Note that the left hand side of (2.10) equals We choose a positive 6 0 < 1/2 such that rj dn < r/ 1/2 /~2/3 with r] = rjj : = exp(/ 2 /4m). Since l<fc<m -€ -lit follows from (2.11) that we have for any e> 0 and any 0<(5<c5o ). Let 0< 0(0 < 1 be a C ( T ((-1, 1) ) function such that 6= 1 in |f| < 1/2. Set Ko Here Vi^i satisfies Vi^i = ^(jj'") on M < J? 1/2 . Set v t (0 = i \\g Ni \\ L , < for C, C] > 0 independent of j. Similarly, we see that 2d -2) « on for C 2 , C 3 > 0 independent of ;. Since h = -g N + /*! + h 2 on |f | < r/ l/2 , from the above three estimates we obtain \h(t)\ < 77"^' on |f| < ?; 1/2 if/ is large enough. In view of (2.14), it follows from (2.25 Remark. In the same way it is possible to prove the non-micro-hypoellipticity of the operator D x + ig k (x}D" y l with m>2k + 2 (cf. (0.3) of [5] ).
